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Abstract. CARS spectra of the v 1 mode of thermally excited S F  6 w e r e  calculated 
numerically. The influence of the vibrational quasicontinuum on the CARS spectra has 
been considered by introducing different types of the homogeneous broadening at different 
vibrational levels. The appearance of additional lines in the CARS spectrum due to mixing 
of high-lying vibrational levels by Fermi coupling was considered numerically in the frame 
of a simple model. A comparison of calculated and experimental spectra has been made. 

PACS: 82.50, 33 

The methods of coherent probing of vibrationally 
excited molecules, and CARS in particularly, have 
been used in studies of multiple-photon excitation of 
molecules by infrared laser radiation [1, 2]. Similar to 
many other probing techniques like uv absorption [3], 
ir-absorption [4], ir luminescence [5], spontaneous 
Raman scattering [6] the CARS technique permits 
one to analyse the distribution of vibrationally excited 
molecules. The basic advantages of CARS probing 
compared with the above-mentioned spectroscopic 
methods are excellent spatial and spectral resolution. 
Another important feature of CARS probing is the 
sensitivity of the CARS signal with respect to the value 
of homogeneous broadening of the probed transition. 
The influence of this broadening might be understood 
qualitatively, considering the harmonic oscillator. The 
intensity of the anti-Stokes signal I a in CARS is 
determined by the value of the third-order nonlinear 
susceptibility of the sample )(a) and by the intensities of 
the probing beams 11 and 12 [7] : 

i~(2o~ 1 ~ (3) 092)121212 --(02) ]Z (2001-- (1) 

In the simplest case of a harmonic oscillator, when the 
difference of the probing frequencies ~%, co 2 coincides 
with the vibrational frequency Q, i.e. co I -0)  2 = O, the 
scattered radiation intensity integrated over vibration- 

al states will be determined by its susceptibility: 

~(3) ~ v(Nv-l-Nv) 
int ~ ~=~ ro  ' (2) 

where Fv is the homogeneous width of the transition 
v -  l+v.  If F~. does not depend on v, 

•(3) i n t ~  Nv=~]. (3)  
v=O 

In this latter case the integral intensity does not 
depend on the distribution function over vibrational 
states and is determined only by the total number of 
molecules, N. It can be easily seen from (2) and (3) that 
any rise of F~. with a rise of vibrational level v will lead 
to a decrease of the integral intensity at the center of 
the CARS band as IZ(3)12~Fv -2. For highly excited 
vibrational states of polyatomic molecules the anhar- 
monic coupling (for example, the Fermi resonances) 
will lead to the formation of homogeneously broad- 
ened vibrational bands (vibrational quasicontinuum). 
The widths of these bands grow with an increase of the 
vibrational energy content E~ in the molecule. 
Therefore, similar to the harmonic oscillator case, 
there should be significant influence of F~(Ev) on the 
CARS spectrum of excited molecules. 
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In this paper we consider, by numerical calculation, the 
influence of homogeneous broadening in the vibration- 
al quasi-continuum region on the CARS spectrum of 
the fully symmetric mode v~ of the SF 6 molecule. It has 
been shown that by comparing the calculated and 
experimental spectra it is possible to judge about the 
value and the behaviour of F~[E~). 

1. Calculation of the C A R S  Spectrum 

A detailed description of the CARS process can be 
found in a number of reviews [7, 8]. In three-wave 
mixing of the pump wave at co~ and of the Stokes wave 
at co 2 a new wave is generated in the anti-Stokes region 
at e )  = 2c% - e) 2. The intensity of this wave is given by 
(1). The third-order nonlinear susceptibility contains a 
nonresonant term ,(~3.) plus contributions from the 
transitions i---,f with the frequencies coif =(Er 
and with the width of the Raman line (HWHM) F~r 

-,~.~ ~ A ( N , -  N s) Z6 
1 (4) 

CO~s- (co~ - co2)- Gs '  
where A is a constant which is independent of fre- 
quency, Ni and Ny are the populations of the initial 
and final states, (da/df2)~f is the spontaneous Raman 
scattering cross-section. Let us consider a particular 
case of the CARS spectrum of the fully symmetric 
mode v 1 of SF 6 molecules. In this case 

f =  (v~ + 1, v i, J'l~---i = (v~, v i, Yl, (5) 

where {v} = {v~, v 2 .. . .  ,v6} are the vibrational quantum 
numbers of the modes v~, v2,..., v 6 of the SF 6 molecule, 
and J, J '  are the rotational substates of the v~ mode. 
In the CARS process the selection rules for rotational 
quantum numbers are identical to those for the spon- 
taneous Raman process 

~ , (6) 
- K' -c Vl 

where K and z are the rank and the component index of 
the spherical polarizability tensor a(~c, r). For  spherical 
top molecules J = K is fulfiled. Since for the considered 
case of the totally symmetric mode v~(A~o) of the SF 6 
molecule (point group Oh) the Raman transitions 
appear only due to the scalar part of the polarizability 
c~(0, 0), i.e. to=0, z = 0 ;  the 3 - j  symbol in (6) will differ 
from zero only when J'  - J = 0. This means that for any 
transition (5) the CARS spectrum will consist only of 
Q-branches (AJ = 0). 
In the case of the BoItzmann distribution of molecules 
over vibrational and rotational states at the tempera- 

ture T for the resonant part of the susceptibility we 
have 

{ [-hc(~176 
.(3) A ~ ~ P{v}N(~} k r  Z~ = 1 - exp 

{v} a 

1 
 9 P jNj  (7) 

col~ I + co s -  (co~ - o)2)-  iG}" 

Here 

E(v 1 + 1, v2,..., v6) - E(v 1, v2,..., v6) 
c~ = hc 

6 
=(D0q-RXl lTd l  q- 2 Xli l ) i ,  (8) 

i=l 

where co o is the transition frequency @1=1,  
vi=01~---(v 1 =0, vi=01, and Xij are the anharmonicity 
constants. We shall take the harmonic approximation 
for the probability of vibrational transition P(v} 

P{v} =vl  + 1. (9) 

The population of the {v} th vibrational state is given by 

g(vl e x p ( -  E{~/kT) (10) 
N{v} = ~ g{v} e x p ( -  EM/kT ) ' 

{v} 

where 
6 

g(v}=~(v2 + 1) l-[ (v~+ 1)(vi+2), (11) 
i=3 

is the degeneracy of the state {v}, and 
6 

E{,I= ~ hcogiv i. (12) 
i = l  

The population of the jth rotational sublevel is given 
by 

(2J + 1) 2 e x p [ -  BMhcd(J + 1)/kT] (13) 
Nj  =- ~ (2J + 1) 2 exp [ - BMhcJ(J + 1)/kT]' 

J 

and Pj  = 1 for Q-branch transitions. The frequencies of 
the rotational lines in the Q-branch will be determined 
by the difference of rotational constants AB{~} for the 
vibrational transition under consideration: 

Aco• = AB{~}J(J + 1). (14) 

For  the case of v 1 mode excitation we have 
A B(,} = A B~. 

2. Spectroscopic Constants 

The calculation of the CARS spectrum in the approxi- 
mation (8-14) demands knowledge of the following 
spectroscopic constants: the frequencies of normal 
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i = t  i = 2  i = 3  i = 4  i = 5  i = 6  

v i 774.5445(  l O) b 643.35 + 0.01 ~ 947.9763307(62)  d 615.025 ~ 523.5 _+ O. 1  9 347.0 -+ O. l ~ 
Xi~ - 0 . 8 6 7 7  + 0 . 0 3  b 
X~2 - 2 . 4 4  + 0 . 2  ~ - 0 . 4  + 0 . 3  I 
X,3 - 2 . 9 3 0 8 - + 0 . 0 3  b - 2 . 0  + 0 . 6  r - I..83 g 
Xi4 - 1 . 0 8  "+0.02 '  1 . 2 2 + 0 . 0 2  h - 1.53_+0.02 h 0 .12_+0.02 h 

- 1.03 + 0 . 0 2  I' 
X,. 5 - 1 , 1 5  +_0,02 ~ - 0 . 7  _+0.1 ~ - 0 . 5  --+_1.0 ~ - 0 . 3 7 _ + 0 . 0 2  h - 0 . 5 _ + 1 . 0  j 
Xi( , - 0 . 3 8  "+0 .0U - 0 , 3 5 + _ 0 . 0 5  ~ - 1 . 0  +OA r - 0 . 1 1 _ + 0 . 0 2  h - 0 . 5 + _ 1 . 0  ~" - 0 , 1 •  P' 
B,, 0.09111 h 
AB,. - 1.1038(4)- 10 - 4  b 

LAH value~ a r c  g i v e n  in c m  
u ~ t 2 ] ,  ~ [9 ] ,  a [ 17 ] ,  e [113,  ' [ 18 ] ,  g [ 19 ] ,  h [ 1 0 ]  

vibrations vi, anharmonic constants XI~, rotational 
constants B{~} and difference of the rotational con- 
stants AB~c All necessary data are given in Table 1. 
The frequencies of the normal vibrations and the 
anharmonicity constants for SF 6 are known with good 
accuracy from the analysis of spontaneous Raman 
spectra [9], and from high-resolution semiconductor 
laser ir spectroscopy of the fundamental bands and 
overtones of SF 6 [10-12]. For  the rotational constant 
we took its equilibrium value B e. The difference of the 
rotational constants, AB,~, was estimated in [13] on 
the basis of stimulated Raman gain measurements of 
the v 1 mode of SF 6. Esherick and Owyoung [13] did 
not observe octahedraI splittings in v, that makes it 
possible to use the simpliest approximation (14) for coy. 
The value of the nonresonant part of the third-order 
nonlinear susceptibility a3) z,~ was estimated in [14] and 
is equal to (5.3_+3.1) x l 0  18 cm 3 erg-1. The compa- 
rison of the absolute values of ,((9 ) and )(,~) shows that 
in our case the nonresonant part of the susceptibility 
can be neglected since "(3)/,,(3~=10-s. The detailed Ant /A,r 
analysis of the influence of laser line shapes in the case 
of narrow-band CARS and of the spectrometer slit 
function for broad-band CARS experiments have been 
done in [15]. In our calculation we used concrete 
parameters which correspond to the experiment de- 
scribed in [1]. The calculation of the CARS spectrum 
was done numerically according to (8-14) taking into 
account all rotational-vibrational levels which are 
populated at a given temperature. In each given case 
the values {v .... } and E m"~ where the calculation was v 

cut-off, were choosen by estimating the influence of 
these parameters on the calculated CARS spectrum. 

3. Results 

Figure la-e  shows the result of calculations of CARS 
spectra (IZC3)[2), imaginary part of susceptibility 

Im{z (3)} and its real part Re{)(3)}, respectively. The 
calculations were performed with the assumption that 
the homogeneous linewidth of the vibrational tran- 
sitions F~[E~) does not depend on {v} and is equal to 
0.2 cm-  ~. As the temperature or the average vibration- 
al energy of the molecules E~ grows the CARS spectra 
are shifted to the red from the band corresponding to 
the transition @1 =0, vi=Ol~--(v 1 = 1, vi=01, and be- 
come broader. The fast fall of the CARS intensity at 
the maximum is apparent. These spectral changes are 
due to anharmonicity, (8), and rotational broadening 
of the Q-branches corresponding to each vibrational 
transition (13). 
The influence of homogeneous broadening on the 
shape of the considered CARS band was calculated 
under the assumption of different models for the 
dependence F~(E~). At the present time the behaviour of 
Fv[E~) at the onset of the vibrational quasicontinuum is 
not known. To understand the influence of Fv on 
CARS spectra, the calculations were performed for the 
simpliest cases of F~(E~) at the onset of the vibrational 
quasicontinuum. The position of the quasicontinuum 
onset Eq and the value of F~ were varied. Figure 2a and 
b show the CARS spectra of the v t mode of SF 6 in the 
case when F~, is switched a t  Eq in a stepwise way from 
0.2 cm-  1 to its final value 1 cm-  i (Fig. 2a) or 5 cm - 1 
(Fig. 2b). The calculations were done for T=  1000 K 
when the average vibrational energy is equal to 
/ ~ = 6 5 7 0 c m  -1. The case Fv.=const=0.2cm -1 is 
shown in Fig. 2a and b by dotted lines (Fig. la). 
Depending on the position of the quasicontinuum 
o n s e t  Eq and the value of the homogeneous broadening 
the influence of this broadening on the CARS spectra 
is different. Thus, for F =  1 cm-  1 (Fig. 2a) the broaden- 
ing of the spectrum at low o n s e t  Eq =4000cm-1  as 
well as its narrowing at large Eq a re  observed. For  
F~ = 5 cm-  ~, a significant narrowing and deformation 
of the spectrum is seen (Fig. 2b). The observed varia- 
tions of the shape of the CARS spectra are due to the in- 
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Fig. la-c. Computer plots of(a) [Z(a)l 2 CARS spectrum, 
(b) Im{z{3)}, (c) Re{z {3)} for the v 1 mode of SF 6 at 
different temperatures. The homogeneous width is 
assumed to be independent of E~ and equal to 0.2 cm-  1 
(see insert). The factors show the ratio of the curve 
maximum at 300 K to that of the corresponding curve. 
The position of the zero level for every Re{z (3)} curve 
in (c) is shown by a set of respective axis 

fluence of two factors: i) addition of a homogeneous 
width F~ to inhomogeneous broadening, which formes 
the observed contour and ii) a decrease due to F~ of the 
integral intensity of individual Q-branches correspond- 
ing to transitions from high-lying vibrational states 
Ev>=E q. Introduction of homogeneous broadening in 
the form of a step function gives rise to a maximum in 
the blue. This maximum is smoothed considerably if the 
homogeneous broadening is switched monotonically. 
Figure 3 shows the changes in CARS spectra with 
temperature of the SF 6 gas or its average vibrational 
energy E~. The spectrum was calculated under the 
assumption of "monotonically" increased Fv from its 
minimum value 0.2 cm- t for Eq <: 5000 cm- 1 up to 
2 cm- 1 for Eq > 6000 cm- 1. The behaviour of Fv as- 

sumed in this calculation is shown in the insert of 
Fig. 3. 

4. Inhomogeneous Broadening 
due to Mixing of Harmonic States 

The above-mentioned calculations of CARS spectra 
were made without taking into account the anhar- 
monic splitting of the degenerate vibrational states (vl, 
(12). Such an approach is justified if mixing of anhar- 
monically split sublevels (v,c~l due to anharmonic 
coupling (Fermi resonances) is not taken in account. 
Due to orthogonality of the wave functions for anhar- 
monically split sublevels (/)1' vi,~ and @1 + 1, vl, d[ 
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Fig. 2a and b. Computed CARS spectra of the v~ mode 
of SF 6 with the introducing of a homogeneous 
broadening at different quasicontinuum onsets 
Eq = 4000, 5000, 6000 cm-  1. F~ was varied in a stepwise 
way from 0.2 cm ~ to (a) i c m -  ~ and (b) 5 c m -  1 at the 
Eq level (see insert). The spectra was calculated at 
T =  1000 K ( /~=6570  cm 1). The dashed line shows a 
computed CARS spectrum with F , = 0 . 2 c m - 1  (Fig. la) 
for comparison. The factors show the ratio of the 
max imum of the dashed curve to the one of the 
respective curve 
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Fig. 3. Computed CARS spectra of the v 1 mode of SF 6 
at different temperatures with the introducing of a 
homogeneous broadening. F increases monotonically 
from min imum value 0.2 c m -  ~ for Eq ~ 5000 cm-  1 up 
to 2 c m -  ~ for Eq ~ 6000 c m -  1. The factors show the 
ratio of the curve max imum at T = 1 0 0 0 K  for 
F ,=cons t  (Fig. la) to the one of the respective curve 
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Fig. 4. The appearance of  shifted components in CARS spectra due 
to Fermi resonances 

the transitions, in the CARS spectrum, are allowed 
between sublevels of the same symmetry only if c~ = c(, 
i.e. all the transitions of this type will occur at the s a m e  
resonance frequency. Mixing of the sublevels c~, due to 
Fermi interaction with other modes, the transitions 
between the states c~--*~' that have the same symmetry 
will be allowed. Therefore the CARS spectrum will 
have components detuned to the both sides from the 
resonant frequency and the spacing between them will 
be equal to the width of split zone cc The appearance of 
these detuned components is illustrated in Fig. 4. In 
case of the SF 6 molecule the strongest Fermi re- 
sonance is the four-frequency resonance 
1~1 + •5 ~v3 -~ V6 with the detuning of A ~ 3  c m -  i 
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scale) varsus vibrational energy Eo 

Therefore, the anharmonically split components (el of 
all states (v, el for which v3#0,  v6+0 and also v 3 =0, 
v 6 =0,  v 5 +0  will be mixed due to Fermi interaction. 
Figure 5 shows the calculated dependence of the num- 
ber of states, which are mixed by the above-discussed 
mechanism versus vibrational energy level E~. The 
number of interacting states grows slowly with E~. For 
/~ ~ 6000 cm - 1 approximately half vibrational states 
are mixed. To evaluate the relative number of detuned 
and resonant components, the computer programm 
took into account the expansion of each state (vl to 
irreducible representations. In accordance with the 
selection rules for CARS spectra the number or re- 

sonant components nre s are equal to 

g/res = 2 Ki 
i 

where ~c~ is the number of states of F~ type, and the 
summation is performed over all possible types of 
the O h point group. The number of detuned com- 
ponents nde t (Fig. 4) is determined by the transitions 
between arbitrary states of the same symmetry, and 
therefore 

i 

The dependence naet/nre S versus E~ is shown in Fig. 5. 
The computational results (Fig. 5) show that even for 
relatively low excitation levels (Ev>3000cm -1) the 
inhomogeneous broadening due to Fermi mixing of 
anharmonically split substates can influence the CARS 
spectrum of the v 1 mode of SF 6. 
The detailed calculation of inhomogeneous broaden- 
ing of this type and the bandshape corresponding to a 
single vibrational transition cannot be made since the 
necessary spectroscopic parameters for high-lying vi- 
brational states are unknown. Therefore the inhomo- 
geneous broadening considered above was taken into 
account in a simplified model. A boundary for Ev was 
introduced, above which each Q-branch was split into 
5 components while the integral intensity of the spec- 
trum was remained the same. With this assumption, in 
accordance with calculations for the number of in- 
teracting vibrational states (Fig. 5), half of the vibra- 
tional transitions had a split Q-branch. Figure 6 shows 
the result of these calculations. Here the splitting of the 
Q-branches was introduced at E~ > 5000 cm- 1 and the 
value of splitting was taken as 2 cm-  1. It can be seen 
that the qualitative character of the variation of 
the CARS spectrum bandshape is the same as in the 
case of a similar introduction of homogeneous broad- 
ening. 
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In accordance with the number of mixed levels (Fig. 5) 
each Q-branch for 50 % of all transitions was split in 
five components with the full width 2cm -a at 
Eq=5000cm -1 (see insert). The spectrum with 

Fv=0.2 cm-1 at T=  1000 K (Fig. la) (dashed line) and 
the spectrum with F~= 5 cm-1 (Fig. 2b) are shown for 
comparison 
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Fig. 8. The experimental (points) [-1] and calculated (solid line) 
dependence of the CARS spectrum (FWHM) versus the SF 6 gas 
temperature 

5. Comparison with Experiment 

At the present time there are only few publications on 
the bandshape of the CARS spectrum for the v 1 mode 
of SF 6 at room temperature [1, 14, 16]. The com- 
putation of the CARS spectrum, that was performed in 
this paper agreed fairly well at 300 K with the experi- 
mental results given in [1, 14, 16]. Figure 7 shows 
experimental CARS spectra of SF 6 reported in [16] in 
the narrow temperature range 196-347 K. The results 
of our numerical calculations are shown by the dotted 
lines. The calculated spectra are in good agreement 

with the experimental results at temperatures which 
are slightly different from those reported in [16]. These 
temperatures are given in brackets in Fig. 7. The 
apparent small disagreement may be due to the im- 
possibility in this work to take into account the real 
shape of the instrumental functions. 
Analysis of CARS spectra at elevated temperatures 
ranging from 300 to 1000K was performed in [1]. 
Figure 8 shows the dependence of the width (FWHM) 
of the considered band of the CARS spectrum versus 
the gas temperature [1]. The solid line shows the 
computational results under the assumption of 
F~=const, taking into account the instrumental pa- 
rameters reported in [1]. It may be seen that up to 
average vibrational energies/~ ~ 6000 cm- 1 the calcu- 
lated results are in good agreement with the experi- 
ment. The performed comparison allows estimating 
the homogeneous broadening (see also [1]). The value 
F w does not exceed 1 cm-1 at the vibrational energy 
levels E~ ~ 6000 cm-1. For more precise evaluation of 
F~ and its behaviour at the onset of vibrational quasi- 
continuum, the CARS spectra for higher temperatures 
are required. The comparison of experimental and 
calculated spectra will permit one to make a judgement 
on the distribution of molecules over vibrational states 
in the process of multiple photon excitation by infrared 
laser pulses. 
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